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We extend Miyazawa and Masegi’s original idea of disaggregated interrelational in-
come multipliers with regard to three aspects. First, we examine the effect of system
closure on the inter-income-group matrix. Second, we formally include inter-household
transactions, or the informal economy, into Miyazawa’s calculus. Third, we extend the
interrelational multiplier to environmental factors. These extensions are applied to the
Brazilian economy of 1995. Multiplier matrices excluding and including the informal
economy are presented and interpreted, and the redistributive process of transfer pay-
ments is traced through consecutive spending rounds for various scenarios. Finally, these
redistributive processes are enumerated in terms of transport fuel and electricity use.
Our results indicate that, because of the distribution of ownership of productive capital,
the income formation process is heavily skewed toward the highest incomes. Whether
the existing process and potential redistributive policies alleviate environmental pres-
sure depends on the factors as well as the population segment appraised.

I. INTRODUCTION

THE combination of inter-industry and income-distributional analysis was in
troduced by Miyazawa and Masegi (1963). The basic idea is to combine
Leontief’s industrial interdependencies with the Keynesian multiplier pro-

cess, linking consumption and income. Miyazawa’s innovation is a disaggregated
formulation of the Keynesian multiplier—the interrelational income multiplier—
in the form of matrix products, detailing consumption patterns, direct requirements
coefficients, and income distribution.

Interrelational income multipliers can in principle be calculated from informa-
tion contained in any Social Accounting Matrix (SAM). Following pioneering work
done by Stone (1961), the treatment of distributional issues using only one matrix,
the SAM, was first suggested in the mid-1970s (Paukert, Skolka, and Maton 1976;
Weisskopf 1976).

Social Accounting Matrices have previously been constructed for Brazil by a
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number of authors.1 The first study where private final consumption is endogenised
is probably Bonelli and da Cunha’s (1982) calculation of type-II multipliers and
temporal decomposition of the 1970 and 1975 input-output tables. Da Fonseca and
Guilhoto (1987) extend Miyazawa’s formalism to a dynamic accelerator-type
formulation, but they do not present an interrelational multiplier. Guilhoto, da
Conceição, and Crocomo (1996) compare the macroeconomic impacts of exog-
enous final demand variations for 1975 and 1980, calculated using a Leontief and a
Miyazawa framework featuring three income classes. Only Cavalcanti (1997, 2001)
present a 2 × 2 interrelational income multiplier matrix, containing only “wage earn-
ers” and “capitalists.” No Brazilian interrelational matrix has been documented to
date for detailed income classes. In particular, interactions between income interre-
lations and resource use and environmental pressure have thus far not been investi-
gated at all. These issues can be analyzed using a recently constructed, extended
SAM for Brazil, combining environmental and social accounts (Lenzen and Schaeffer
2004).

This article is organised as follows. First, Miyazawa’s theory of inter-industry
analysis and the structure of income distribution is explained. Second, the sources
and preparation of data are outlined for the Brazilian case. Third, a range of
interrelational measures suggested by Miyazawa are calculated for the Brazilian
case, and extended to include energy consumption. Finally, conclusions are drawn.

II. THE INTERRELATIONAL INCOME MULTIPLIER AS A MATRIX

Consider the National Accounting Identity x* = A*x* + f*, where A* is a SAM in
coefficient form, including industries, the capital account, and households, x* is the
total output of all agents, and f* is the (non-household) exogenous final demand.
Consider a partitioned formulation as follows:

, (1)

where the upper row represents the balance of industries, the government and the
capital account, and the lower row represents that of households. Our notation fol-
lows closely that of Miyazawa (1968, 1976) and Miyazawa and Masegi (1963): the
n × 1 vector x contains total industry and capital output in terms of n industry groups,
A is a Leontief-type n × n inter-industry matrix of direct requirements coefficients,
C is a n × r matrix of consumption coefficients for r household groups, and f is a
n × 1 vector of exogenous final demand. y (r × 1) is a vector of total income, broken
down into productive income (V, r × n coefficients), inter-household transactions

1 Bulmer-Thomas (1982), 10 industries, 1 household sector; da Fonseca and Guilhoto (1987), 27
industries, 3 income classes; Willumsen (1990), 34 industries, 5 social classes; de Andrade and
Najberg (1997), 42 industries, 1 family sector; Cavalcanti (1997, 2001), 42 industries, 2 social classes.
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(E, r × r coefficients) and income from exogenous sources (g, r × 1). Solving for
(x | y) yields (compare Katz [1980], Miller [1980])

, (2)

where

B = (I − A)−1, and K = (I − E − VBC)−1. (3)

These results are identical to Miyazawa’s, except for E, which is set to zero in
Miyazawa’s calculus. E can be interpreted as the informal economy, that is transac-
tions that are neither formalised (contracted, billed, etc.) nor appear in any statis-
tics, for example because of their trivial nature or illegality. First, there exist many
small-scale informal activities in the Brazilian society, such as maintaining and
parking cars in city streets, repairing bicycles, selling refreshments on the beach, or
selling prepared meals. Second, services such as medical consultations may remain
unbilled and undeclared in order to both save client expenses, and to evade taxation
(in which case the client will not declare the expense either). Third, financial assis-
tance between related or acquainted families is commonplace. Finally, crime leads
to a net flow from the rich to the poor.

B is the common type-I Leontief inverse, and the term B (I + CKVB) contains
type-II industry multipliers. Miyazawa called the product VBC the matrix of inter-
income-group coefficients, KVB the multi-sector income multiplier, and K the
interrelational multiplier of income groups. Each element of VBC shows a direct
increase in the income of one group as a result of the consumptive spending of the
income of another group. The elements of K show the respective total (direct, indi-
rect, and induced) income effects.

Miyazawa illustrates the output and income formation process initiated by an
exogenous consumptive stimulus f by expanding K into its Taylor series (ignoring
E):

x = B(I + CKVB) f = Bf + BC[I + VBC + (VBC)2

+ (VBC)3 + . . . ]VBf (4a)
= [I + BCV + (BCV)2 + (BCV)3 + . . . ]Bf (4b)
= B[I + CVB + (CVB)2 + (CVB)3 + . . . ]f (4c)

and

y = KVB f = [I + VBC + (VBC)2 + (VBC)3 + . . . ]VBf (5a)
= V[I + BCV + (BCV)2 + (BCV)3 + . . . ]Bf (5b)
= VB[I + CVB + (CVB)2 + (CVB)3 + . . . ]f. (5c)

In the expanded formulation, output and income formation is described as a propa-
gation of successive step-like processes, proceeding via income-forming loops (VBC,
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equations [4a] and [5a]), production-instigating loops (BCV, equations [4b] and
[5b]), and consumption-stimulating loops (CVB, equations [4c] and [5c]). These
simple relations do not hold once the informal economy E is considered, since

K = I + E + VBC + E2 + 2EVBC + (VBC)2 + . . . , (6)

which reflects two parallel income formation cycles (the formal VBC, (VBC)2 etc.,
and the informal E, E2, etc.) and their interaction (2EVBC etc.).

Setting n = r = 1, and treating the government and capital account as exogenous,
C reduces to the Keynesian macro-propensity to consume c. Ignoring E, K be-
comes the Keynesian multiplier 1 / (1 − c). Therefore, in the Keynesian model of
income formation, a given amount of final consumption always generates the same
amount of income, independent of the share of commodities.

While Miyazawa distinguishes the r income  groups by regional location
(Miyazawa 1968, 1976), the traditional emphasis held before his work was on in-
come classes: Ghosh and Sengupta (1984) provide an instructive comparison of
type-II income multipliers, as initially perceived by Keynes, and then further devel-
oped by Kalecki, Kaldor, and Pasinetti in order to detail social classes. Today, class
information is a key feature of SAMs, which simultaneously incorporate the role of
the level and structure of production in shaping the income distribution, and the role of
income distribution in shaping expenditure patterns (Gregory and Sinha 1984).

III. DATA SOURCES AND PREPARATION

The elements of the partitioned A* matrix in equation (1) were taken from a SAM
constructed for Brazil, which is documented in detail in a previous publication
(Lenzen and Schaeffer 2004). The main sources are, therefore, only outlined in the
following. All coefficients are constant, average coefficients describing linear rela-
tionship between all categories. They represent a static “snapshot” of the Brazilian
economy and society in 1995.

A contains:
1. A n × n = 46 × 46 domestic direct requirements matrix, with elements describ-

ing the intermediate current input of domestic industry i into domestic industry
j, per unit of total domestically produced output xj of industry j. Transactions
valued in basic prices appear separated from margins;

2. An additional row and column containing import and export shares of indus-
tries;

3. An additional row and column describing variations in stock, and the share of
domestically produced and imported capital consumed and produced by indus-
tries.

These elements were derived from the Brazilian input-output tables compiled by
the Instituto Brasileiro de Geografia e Estatística (1997). Items 2 and 3 are optional
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and can be excluded to reduce the degree of closure of the input-output system. In
the context of equation (1), this means moving exports and capital production (col-
umns) from A to f, and removing imports and capital investment (rows) from A,
thus reducing internal feedbacks and increasing leakage.

C contains:
4. A n × r = 46 × 10 matrix of consumption coefficients for domestically pro-

duced commodities produced by the 46 industries, and consumed by house-
holds in 10 income classes;

5. An additional row for commodities imported directly by households;
6. An additional row describing the capital investment of households.

Items 4 and 5 were obtained by prorating each entry of a column vector of pri-
vate final consumption as specified in the input-output tables (Instituto Brasileiro
de Geografia e Estatística 1997) across all income classes using shares derived
from the Brazilian household expenditure survey (Instituto Brasileiro de Geografia
e Estatística 1999). Note that the household expenditure survey covers only urban
households in 11 capital cities (see income and household profile in Table I, cover-
ing 11.6 million households and 42.4 million people). In using this information we
assume that rural and urban households of the same income class consume com-
modities in equal proportions. Item 6 was taken from a SAM compiled by de Andrade
and Najberg (1997), but was prorated in the same way. Note that items 4–6 do not
contain income tax, since the government is treated as exogenous. Once again,
items 5 and 6 are optional.

TABLE  I

AVERAGE VALUES OF TOTAL EXPENDITURE, DECLARED INCOME, SAMPLE SIZE, AND FAMILY SIZE FOR

VARIOUS INCOME CLASSES IN MAJOR BRAZILIAN CITIES IN 1996

Income classa < 2 2–3 3–5 5–6 6–8 8–10 10–15 15–20 20–30 > 30

Expenditure
(R$/month) 232 365 485 630 788 936 1,254 1,766 2,351 4,923

Income
(R$/month) 147 282 445 617 785 1,016 1,378 1,975 2,763 6,611

No. of house-
holds (million) 1.2 1.0 1.8 0.8 1.3 0.9 1.5 0.9 0.9 1.3

Family size 3.0 3.4 3.7 3.7 3.8 3.9 3.9 3.9 3.8 3.7
No. of people

(million) 3.6 3.5 6.8 3.1 4.8 3.5 5.9 3.4 3.2 4.7
% of population 8.6 8.2 15.9 7.2 11.4 8.3 14.0 8.0 7.6 11.0

Gini index of the metro-
politan income distribution 0.539

Source: Instituto Brasileiro de Geografia e Estatística (1999).
Note: R$1 = U.S.$1 in 1995.
a Income classes are expressed in multiples of the minimum salary (R$112).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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V represents:
7. The income of households in all 10 income classes from the production of 46

industries. These include remuneration of employed and self-employed per-
sons (salaries, autonomous income, employer’s contributions), and gross op-
erational surplus.2 As with C, V was mostly obtained by prorating value added
quantified in the input-output tables (Instituto Brasileiro de Geografia e
Estatística 1997) across income classes using information collected in the house-
hold expenditure survey (Instituto Brasileiro de Geografia e Estatística 1999).
Fortunately, the latter database details a range of income sources (salaries,
employers’ remuneration, own-account income, pensions, scholarships, rent,
transfer, and capital income), which could readily be reconciled with the input-
output tables. An exception was made for the “ownership of dwellings” sector,
the incomes of which were prorated across income classes solely according to
rent income. Since the household expenditure survey only covers urban house-
holds, salaries in the agriculture, mining, timber, and rubber industries were
prorated according to the rural income distribution derived from the 2000 cen-
sus of population and housing (Instituto Brasileiro de Geografia e Estatística
2000). The resulting overall national income and household profile (45.4 mil-
lion households and 170.6 million people) is shown in Table II. Note that the
shares of the income segments differ markedly from the urban distribution in
Table I: lower income classes dominate in rural Brazil. As a consequence, the
Gini index of the national distribution is considerably higher (≈ 0.606) than
that of the urban distribution (≈ 0.54). This finding is in agreement with na-

TABLE  II

AVERAGE VALUES OF TOTAL INCOME AND SIZE FOR VARIOUS INCOME CLASSES IN 1996,
EXTRAPOLATED FOR THE WHOLE OF BRAZIL BY TAKING INTO ACCOUNT RURAL

HOUSEHOLDS AND ADDITIONAL CAPITAL INCOME

Income classa < 2 2–3 3–5 5–6 6–8 8–10 10–15 15–20 20–30 > 30

Income
(R$/month) 264 456 695 952 1,184 1,504 2,079 3,085 4,104 10,552

No. of house-
holds (million) 23.7 5.0 6.0 1.6 2.5 1.8 1.6 1.1 0.9 1.3

Family size 3.9 3.7 3.7 3.6 3.6 3.6 3.5 3.5 3.4 3.6
No. of people

(million) 91.7 18.4 22.3 5.8 9.0 6.3 5.6 3.8 2.9 4.5
% of population 53.8 10.8 13.1 3.4 5.3 3.7 3.3 2.2 1.7 2.7

Gini index of the national
income distribution 0.606

a Income classes are expressed in multiples of the minimum salary (R$112).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2 Income from these sources is equivalent to primary inputs into production, or to value added.
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tional figures documented by Azzoni (1997; Gini1991 ≈ 0.64), Székely (2001;
Gini1995 ≈ 0.591), and the Instituto Brasileiro de Geografia e Estatística (2000;
Gini2000 = 0.636).

8. Two (optional) columns, one of zero entries representing exports by house-
holds, and one of capital income across income classes using a total figure
calculated by de Andrade and Najberg (1997), prorated according to household
expenditure survey information.

Due to the inclusion of rural households and additional surplus and capital in-
come, the monthly incomes are higher than the classes’ nominal incomes, and hence
the national income distribution in Table II does not conform with the initial class
labels used in Table I, which refer only to average salary income. Nevertheless,
these labels will be kept in the following, simply for the sake of retaining a class
notation. The main constituents of the national income are salaries (Gini ≈ 0.57),
operational surplus (≈ 0.67), transfer payments (≈ 0.43), and capital income (≈ 0.90).
Note in Table I that households in low-income classes spend more than they earn,
and vice versa in higher income classes.3 These discrepancies give rise to an adjust-
ment in the form of a matrix E covering the balance of net transfers from spending
households (in columns) to receiving households (in rows).4 E can be regarded as a
approximation of the informal economy. While the discrepancies of income and
expenditure in each class provide ten figures of overall net transfers, gross transfers
can in principle affect all income classes, meaning that in principle each class could
give to and receive from every other class. This leaves, in principle, 100 elements to
be specified in the E matrix. This system has no unique solution, so that additional
assumptions have to be made about the nature of inter-household transfers. It is
likely that flows only occur from rich to poor households, thus suggesting a form
(example for five classes):

E = or E = , (7)

depending on whether transfers occur all the way down to the lowest class, or only
with the next two lower classes (in this example). The choice of E as in equation (7)
strongly influences the magnitude of overall gross transfers, since a number of house-
holds both receive and spend. The approach taken in this work is to estimate a lower
bound for informal transactions, and therefore assumes a minimum cash flow, which
is equivalent to assuming that the overall net flow equals gross flow. In other words,

3 The proportions change slightly when capital and surplus income and capital expenditure are added.
4 Compare Sinha, Siddiqui, and Sangeeta (2000, Tab. III.1) who extract data on informal economic

activities from household surveys and arrange them in a SAM for India.

0 × × × ×
0 0 × × ×
0 0 0 × ×
0 0 0 0 ×
0 0 0 0 0

















0 × × 0 0
0 0 × × 0
0 0 0 × ×
0 0 0 0 ×
0 0 0 0 0



















378 THE DEVELOPING ECONOMIES

households that spend in net terms, only spend, and households that receive in net
terms, only receive. Under this assumption, E takes the form:

E = . (8)

After adjustment for capital income, six spending and four receiving classes re-
mained, leaving twenty-four informal transactions to be estimated. This systems is
still not solvable based on ten row and column totals, so that a RAS balancing
procedure was applied. The matrix of informal transactions coefficients derived in
this way is shown in Table III. E is calculated from this matrix by dividing each
column by total household income.

The choice of disaggregation of the consumption and income data described above
was purely determined by the availability of data. Therefore, for example, our SAM
contains current annual savings by income class, but not ownership of assets.5 Fac-
tors such as education and land ownership, which strongly influence income distri-
bution, do not feature in our analysis. Also not covered, but equally important for

0 0 × × ×
0 0 × × ×
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

















TABLE  III

INFORMAL INTER-HOUSEHOLD TRANSACTIONS

(R$ million)

Income < 2 2–3 3–5 5–6 6–8 8–10 10–15 15–20 20–30 > 30 % of
class total

< 2 0 0 0 0 62 2,476 1,823 2,441 1,974 4,894 18.2
2–3 0 0 0 0 16 622 458 613 496 1,230 12.7
3–5 0 0 0 0 3 139 102 137 111 274 1.5
5–6 0 0 0 0 4 141 104 139 112 279 4.2
6–8 0 0 0 0 0 0 0 0 0 0
8–10 0 0 0 0 0 0 0 0 0 0
10–15 0 0 0 0 0 0 0 0 0 0
15–20 0 0 0 0 0 0 0 0 0 0
20–30 0 0 0 0 0 0 0 0 0 0
> 30 0 0 0 0 0 0 0 0 0 0
% of

total 0.2 18.4 7.0 10.5 6.8 16.6

5 Pyatt et al. (1977, p. 48) and Bulmer-Thomas (1982, p. 5) remark that a SAM which is defined
purely in flow, but not in stock terms, does not reflect the fact that the distribution of wealth under-
lies the flow of profits and savings. Using such a SAM, an analysis of, for example, a policy aiming
at forcing the diversion of some savings towards a social fund would not be fully comprehensive,
because the location and magnitude of assets, from which these additional savings would be di-
verted, is unknown.
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real-world policy analysis are, for example, the availability and mobility of skilled
labor, the distribution across occupations, and the regional concentration of indus-
try sectors. Like many other models, a SAM-based analysis is only as comprehen-
sive as the underlying data set.

IV. A MIYAZAWA ANALYSIS OF THE BRAZILIAN ECONOMY

Based on the data sources described in the previous section, an investigation into
inter-household relations of income distribution and formation was undertaken for
the Brazilian economy of 1995. In the following, a few of the multiplier measures
introduced in Section II are quantified.

A. Inter-income-group Matrices

The simplest interrelational measure is the matrix VBC of inter-income-group
coefficients, which is given in Tables IV–VI for inter-industry systems of increas-
ing closure. Each element (VBC)ij represents the direct increase of income for in-
come class i as a consequence of additional income spent by income class j, via one
formal income formation loop. In Table IV, B contains only industrial interactions.
B as in Table V is augmented by capital flows, which are thus seen to facilitate
industrial production in the longer run, and, therefore, are treated endogenously as
inter-industry flows. In Table VI, capital flows and foreign industries participate in
the endogenous production process. The systems represented in Tables V and VI
thus incorporate additional feedbacks via capital investment and trade, which do
not feature in the purely domestic, current inter-industry system in Table IV, where
they act as leakages.

As a result of the consecutive closure, coefficients monotonically increase. Capi-

TABLE  IV

MATRIX VBC OF INTER-INCOME-GROUP COEFFICIENTS, WITH B
INCLUDING ONLY INTER-INDUSTRY COEFFICIENTS

Income < 2 2–3 3–5 5–6 6–8 8–10 10–15 15–20 20–30 > 30class

< 2 0.083 0.079 0.074 0.066 0.069 0.063 0.060 0.056 0.055 0.042
2–3 0.026 0.024 0.023 0.021 0.022 0.021 0.020 0.019 0.019 0.015
3–5 0.052 0.048 0.046 0.042 0.045 0.042 0.040 0.039 0.038 0.030
5–6 0.019 0.018 0.017 0.016 0.017 0.015 0.015 0.014 0.014 0.011
6–8 0.036 0.034 0.033 0.030 0.032 0.030 0.029 0.028 0.028 0.022
8–10 0.033 0.031 0.030 0.027 0.029 0.027 0.026 0.026 0.025 0.020
10–15 0.039 0.036 0.035 0.032 0.034 0.032 0.031 0.030 0.030 0.024
15–20 0.041 0.038 0.037 0.034 0.036 0.033 0.032 0.032 0.031 0.025
20–30 0.041 0.039 0.037 0.034 0.036 0.034 0.033 0.033 0.032 0.027
> 30 0.167 0.153 0.150 0.140 0.148 0.139 0.137 0.139 0.135 0.127
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tal investment and trade have approximately a 30 percent and 10 percent effect on
coefficients, respectively. Notwithstanding their different magnitudes, all inter-
income-group matrices show a similar structure: one R$ earned and spent by higher-
income classes does not generate as much additional income in the next round as
the same amount earned and spent by a lower-income class. This result becomes
obvious considering that higher incomes attract higher tax rates. Since the receiv-
ing body—the government—is still exogenous to the system, these tax expendi-
tures leak from the system. The second finding is that higher-income classes benefit
dispropotionately more from income earned and spent by all classes than do lower-
income classes. This holds independent of the class in which the expenditure oc-

TABLE  V

MATRIX VBC OF INTER-INCOME-GROUP COEFFICIENTS, WITH B
INCLUDING INTER-INDUSTRY AND CAPITAL COEFFICIENTS

Income < 2 2–3 3–5 5–6 6–8 8–10 10–15 15–20 20–30 > 30
class

< 2 0.110 0.109 0.106 0.101 0.101 0.091 0.090 0.085 0.081 0.062
2–3 0.036 0.035 0.035 0.034 0.034 0.031 0.031 0.030 0.028 0.022
3–5 0.072 0.071 0.070 0.069 0.069 0.062 0.063 0.061 0.058 0.045
5–6 0.027 0.027 0.026 0.026 0.026 0.023 0.023 0.023 0.021 0.016
6–8 0.051 0.051 0.050 0.050 0.050 0.045 0.045 0.044 0.042 0.033
8–10 0.047 0.046 0.046 0.045 0.046 0.041 0.042 0.040 0.038 0.031
10–15 0.055 0.054 0.054 0.053 0.054 0.049 0.049 0.048 0.045 0.037
15–20 0.058 0.058 0.058 0.057 0.057 0.052 0.052 0.051 0.048 0.039
20–30 0.061 0.060 0.060 0.060 0.060 0.054 0.055 0.054 0.051 0.042
> 30 0.249 0.247 0.249 0.251 0.250 0.225 0.231 0.230 0.217 0.189

TABLE  VI

MATRIX VBC OF INTER-INCOME-GROUP COEFFICIENTS, WITH B
INCLUDING INTER-INDUSTRY, CAPITAL, AND TRADE COEFFICIENTS

Income < 2 2–3 3–5 5–6 6–8 8–10 10–15 15–20 20–30 > 30
class

< 2 0.127 0.126 0.123 0.118 0.118 0.106 0.105 0.100 0.095 0.073
2–3 0.041 0.041 0.040 0.040 0.040 0.036 0.036 0.035 0.033 0.026
3–5 0.083 0.082 0.081 0.080 0.080 0.072 0.073 0.070 0.067 0.052
5–6 0.031 0.031 0.030 0.030 0.030 0.027 0.027 0.026 0.025 0.019
6–8 0.059 0.058 0.058 0.057 0.058 0.052 0.053 0.051 0.048 0.038
8–10 0.054 0.053 0.053 0.053 0.053 0.048 0.048 0.047 0.044 0.035
10–15 0.063 0.063 0.062 0.062 0.062 0.056 0.057 0.055 0.052 0.042
15–20 0.067 0.067 0.067 0.066 0.066 0.060 0.060 0.058 0.055 0.044
20–30 0.070 0.070 0.069 0.070 0.069 0.063 0.064 0.062 0.059 0.048
> 30 0.285 0.284 0.286 0.289 0.287 0.258 0.265 0.262 0.248 0.213
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curred.6 This highly skewed distribution is a result of the concentration of surplus
income, which is in turn a consequence of the distribution of ownership of the
productive capital.

As already found by Willumsen (1990) and Cavalcanti (2001) using aggregated
1975 and 1995 Brazilian SAMs respectively, income generated by operational sur-
plus (capital income) is always larger than salary (labour) income. This finding
holds both for traditional and “modern” industries (see Lenzen and Schaeffer 2004).
As Baer, da Fonseca, and Guilhoto (1987) demonstrate, the share of salaries in
value added has decreased markedly between 1959 and 1980 in most sectors. The
fact that agriculture yields even higher capital income than “modern” industries is
due to significant land rents (Willumsen 1990). Our results show that the main
production-related income, that is operational surplus, is generated predominantly
by the poor, but earned predominantly by the rich.

B. Interrelational Multiplier

The matrix VBC reflects just one income-consumption-production-income cycle.
The cumulative fate of an exogenous income injection through an infinite number
of such cycles is described by Miyazawa’s interrelational income multiplier K.
This multiplier is given in Table VII for the inter-income-group matrix in Table VI
(including capital and trade flows). Each element Kij now represents the total in-
crease of income for income class j as a consequence of additional income spent by
income class i, via an infinite number of formal income formation loops. The di-
agonal elements contain the initial exogenous income injection, and are therefore
all larger than 1. Basically, the general disparity between poor and rich households
that is already evident in Tables IV–VI persists throughout consecutive cycles, how-
ever total coefficients are about four times larger in Table VII.

Note that neither in the inter-income-group matrices in Table IV–VI nor in the
interrelational income multiplier in Table VII, do coefficients relating to income
spent by a particular class (within columns) increase monotonically across receiv-
ing classes. Since all coefficients refer to a whole income class, this is due to these
classes varying in physical size, as shown in Table II. The effect of class size can be
removed by dividing row-wise by the number of households contained in the re-
spective receiving class (compare Rose and Beaumont 1988, 1989). The result of
this normalization is shown in Table VIII, where all coefficients now represent in-
come received per household. Two additional manipulations have been carried out:
first, in order to generate tangible numbers, each figure was multiplied by 106 after
dividing by household numbers, so that reference is made not to an exogenous
(class-wide) injection of R$1, but of R$1 million. Second, the effect of the initial

6 Gini coefficients for different columns in VBC vary only slightly between 0.626 (< 2) and 0.663
(> 30).
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TABLE  VII

INTERRELATIONAL INCOME MULTIPLIER K = [I − VBC]−1, WITH B
INCLUDING INTER-INDUSTRY, CAPITAL, AND TRADE COEFFICIENTS

Income < 2 2–3 3–5 5–6 6–8 8–10 10–15 15–20 20–30 > 30
class

< 2 1.473 0.470 0.464 0.457 0.457 0.410 0.414 0.398 0.379 0.302
2–3 0.158 1.157 0.156 0.154 0.154 0.139 0.140 0.136 0.129 0.103
3–5 0.320 0.317 1.315 0.312 0.312 0.281 0.284 0.274 0.261 0.209
5–6 0.119 0.118 0.117 1.116 0.116 0.105 0.106 0.102 0.097 0.077
6–8 0.230 0.229 0.227 0.225 1.225 0.203 0.205 0.199 0.189 0.152
8–10 0.211 0.209 0.208 0.206 0.206 1.186 0.188 0.182 0.173 0.139
10–15 0.248 0.246 0.245 0.243 0.243 0.219 1.222 0.215 0.204 0.164
15–20 0.264 0.262 0.261 0.259 0.258 0.233 0.236 1.228 0.217 0.175
20–30 0.278 0.276 0.274 0.273 0.272 0.245 0.249 0.241 1.229 0.185
> 30 1.163 1.155 1.151 1.148 1.145 1.031 1.047 1.019 0.968 1.795

TABLE  VIII

INTERRELATIONAL INCOME MULTIPLIER K = [I − VBC]−1, WITH B INCLUDING INTER-INDUSTRY, CAPITAL,
AND TRADE COEFFICIENTS, EXPRESSED IN ADDITIONAL INCOME IN R$ PER HOUSEHOLD FROM

AN EXOGENOUS INJECTION OF R$1 MILLION INTO EACH CLASS

Income < 2 2–3 3–5 5–6 6–8 8–10 10–15 15–20 20–30 > 30
class

< 2 0.020 0.020 0.020 0.019 0.019 0.017 0.017 0.017 0.016 0.013
2–3 0.032 0.032 0.031 0.031 0.031 0.028 0.028 0.027 0.026 0.021
3–5 0.053 0.052 0.052 0.052 0.052 0.046 0.047 0.045 0.043 0.035
5–6 0.074 0.074 0.073 0.072 0.072 0.065 0.066 0.064 0.060 0.048
6–8 0.092 0.091 0.091 0.090 0.090 0.081 0.082 0.079 0.075 0.061
8–10 0.119 0.119 0.118 0.117 0.117 0.105 0.107 0.103 0.098 0.079
10–15 0.157 0.156 0.155 0.154 0.154 0.139 0.140 0.136 0.129 0.104
15–20 0.244 0.242 0.240 0.238 0.238 0.214 0.217 0.210 0.200 0.161
20–30 0.325 0.323 0.321 0.319 0.319 0.287 0.291 0.282 0.268 0.217
> 30 0.914 0.907 0.905 0.902 0.899 0.810 0.823 0.801 0.760 0.624

injection has been removed (diagonal elements), so that coefficients show addi-
tional income (compare Rose and Beaumont 1988, 1989).

Coefficients now increase monotonically within columns, demonstrating that each
income class benefits less from the income formation process than the next higher
class. As with previous matrices, variations across rows are smaller than variations
across columns, thus once again illustrating that money spent homogeneously will
predominantly reach rich households. So far, all results were presented for the for-
mal income formation process. The effect of the informal economy characterised
by matrix E is shown in Table IX. A preliminary comparison of coefficients shows
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an increase between 15 percent and 50 percent over those in Table VIII, which is
due to the existence of a parallel (informal) cycle. However, a closer examination
reveals that the increase of multipliers is higher for lower-income classes, and espe-
cially for receipts from higher-income households. This is not surprising, since it
reflects the structure of the informal economy as assumed and justified in Section
III. Distributive issues are difficult to conclude from numbers, so the effect of the
informal cycle is illustrated further in the following.

Employing the series expansion of the lower row of equation (1),

y = Kg = [I + VBC + (VBC)2 + . . . ]g, (9)

changes in the Gini index of cumulative incomes [Ig, (I + VBC)g, etc. in equation
(9)] can be traced throughout spending rounds7 for an initial, perfectly equitable
exogenous income injection of gi = R$1 per capita (or R$170 million for the whole

TABLE  IX

INTERRELATIONAL INCOME MULTIPLIER K = [I − E − VBC]−1, WITH B INCLUDING INTER-INDUSTRY,
CAPITAL, AND TRADE COEFFICIENTS, EXPRESSED IN ADDITIONAL INCOME IN R$ PER HOUSEHOLD

FROM AN EXOGENOUS INJECTION OF R$1 MILLION INTO EACH CLASS

Income < 2 2–3 3–5 5–6 6–8 8–10 10–15 15–20 20–30 > 30
class

< 2 0.027 0.027 0.027 0.027 0.027 0.030 0.028 0.028 0.026 0.020
2–3 0.042 0.042 0.041 0.041 0.041 0.045 0.042 0.043 0.039 0.031
3–5 0.062 0.061 0.061 0.060 0.060 0.061 0.059 0.059 0.055 0.043
5–6 0.089 0.088 0.087 0.086 0.087 0.090 0.086 0.086 0.080 0.063
6–8 0.105 0.104 0.104 0.103 0.103 0.104 0.100 0.100 0.093 0.074
8–10 0.137 0.136 0.135 0.134 0.134 0.135 0.131 0.129 0.121 0.096
10–15 0.180 0.179 0.177 0.176 0.176 0.178 0.172 0.171 0.159 0.127
15–20 0.279 0.277 0.275 0.273 0.273 0.275 0.266 0.264 0.247 0.196
20–30 0.372 0.370 0.368 0.365 0.366 0.368 0.357 0.354 0.331 0.264
> 30 1.046 1.038 1.035 1.031 1.031 1.037 1.007 1.002 0.936 0.756

7 The notion of spending rounds used here for VBC cycles does not necessarily imply a temporal
succession. There exists no uniform time lag between two complete VBC cycles, because inter-
industry transactions Aij contained in the Leontief inverse B = I + A + A2 + . . . are themselves lagged
over a range of periods. For example, assuming that each inter-industry, earning and consumptive
transaction takes a constant period of time, the expansion of the interrelational multiplier K can be
sorted into simultaneous processes as follows:

K = I + VBC + (VBC)2 + . . .
= I + VC + VAC + VA2C + VA3C + VA4C + . . .

+ VCVC + VCVAC + VACVC + VACVAC + VA2CVC + VCVA2C + . . .
+ VCVCVC + . . . ,

where I represents the initial exogenous injection, VC the immediate income effect of the produc-
tion of commodities that are demanded from that injection (1 step), VAC the income arising out of
the production of supplies to industries producing these demanded commodities (2 steps), VA2C
from the suppliers of suppliers (3 steps), VCVC from the re-spending of VC (3 steps), and so on.
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population) by the government.8 These cumulative changes are depicted in Figure
1. The initial injection Ig is equitable, and, therefore, exhibits a Gini index of 0. As
this income is re-spent, the Gini index (calculated from vectors of cumulative in-
comes [I + VBC]g, [I + VBC + (VBC)2]g, etc.) increases rapidly as income is di-
verted from poor to rich households. The upper two curves in Figure 1 represent a
case where leaked income (tax) is not re-injected by the government, so that the
amount re-spent by households decreases after each round. As a result, cumulative
incomes, and with these the Gini index, converge to their final value. In calculating
the lower two curves it was assumed that tax income received by the government
was not leaked, but re-injected equitably, so that in each round, R$170 million are
spent by all agents. Cumulative incomes increase linearly in this case, but the con-
tinuous equitable re-injection of tax revenue (which is paid predominantly by rich

8 This scenario is not meant to reflect a realistic policy, but a homogeneous unity perturbation, from
which a step response can be calculated, which is indicative for policies aimed at affecting incomes
equitably (compare with da Fonseca and Guilhoto [1987], who examine the sectoral effects of the
[exogenous] Brazilian government’s economic strategies).

Fig. 1. Change of the Gini Index of Cumulative Incomes
over Spending-Production-Earning (VBC) Cycles, Resulting
from an Initial, Perfectly Equitable Exogenous Injection of
R$1/Capita by the Government.

Note: All curves originate from point (0,0).
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households) causes the Gini index to be lower than in the case without re-injection.
It is interesting to see that in both cases, the inclusion of the informal economy
shifts the final income distribution to a more equitable outcome, represented by a
lower Gini index.

The meaning of the increase in the Gini index for the income redistributive pro-
cesses is illustrated again in Figure 2 for the case without tax re-injection, but in-
cluding the informal economy (solid line in Figure 1). The initial equitable injec-
tion represented by the vector Ig = (R$1, . . . , R$1) is marked as 10 points along
the horizontal line at the “bottom of the slope” (round 0). After 10 rounds, the
average increase in cumulative income is R$10 per capita. With successive rounds
however, the cumulative income of the lower-income classes increases below aver-
age, at the cost of boosting the highest incomes to above-average values. The cu-
mulative income distribution across classes at round 10 has a Gini index of 0.466,
as shown in Figure 1.

Interrelational multipliers for income classes have been estimated previously for
other countries (India: Gregory and Sinha [1984]; Parikh and Thorbecke [1996];
Austria: Lager 1988; Kenya: Bigsten [1995]). However, these authors present only
K matrices for whole classes as seen in Table VII, and do not document enough
information to derive a per-household K matrix as in Tables VIII and IX. Due to

Fig. 2. Change of Per Capita Cumulative Incomes over Spending-
Production-Earning (VBC) Cycles Including the Informal Economy,
Resulting from an Initial, Perfectly Equitable Exogenous Injection
of R$1/Capita by the Government
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different class sizes in the various applications, a direct comparison of these studies
with ours is not warranted. Only Rose and Beaumont present per-household
interrelational multipliers for West Virginia (Rose and Beaumont 1988) and the
United States (Rose and Beaumont 1989). The nominal incomes of their classes
exhibit a spread that is similar to that of our classes, but are about twenty-five times
higher (U.S.$5,000–75,000). The trends in Rose and Beaumont’s K matrices are
identical to those in Tables VIII and IX, but surprisingly, the variations across col-
umns are three times larger. It appears that the rich in the United States benefit (at
least in the 1980s) to a much greater extent from the income flow than the rich in
Brazil. Nevertheless, the distribution of households across income classes is more
equitable in the United States, which is expressed in lower Gini coefficients of
0.458 (West Virginia) and 0.477 (the United States).

C. Extension to Environmental Factors

As a final illustration of the usefulness of interrelational income measures, we
extend Miyazawa and Masegi’s initial idea towards environmental and resource
issues, and show how this extension enables exploring interactions between the
income formation process and environmental pressure. Let q be a 1 × n vector of
direct requirements of an environmental factor for the industrial production in n
industries, per unit of total industry output. Examples for environmental factors
include the use of resources such as fuels, water and land, and pollution such as
emissions into the atmosphere. The total environmental loading Q (scalar) of the
total output x generated by an exogenous income injection Ig is then (see equation
[1]),

Q = qx = qBCKg = qBC[I + VBC + (VBC)2 + . . . ]g. (10)

The term qB is the total environmental multiplier of industries, and qBC is the total
environmental multiplier of income classes.

Figures 3 and 4 show cumulative amounts (qBCIg, qBCVBCg, etc. in equation
[10]) of transport fuels (petrol and sugar-cane-based alcohol) and electricity that
are needed to satisfy final demand resulting from an initial, perfectly equitable ex-
ogenous income injection of R$1/capita, and continuous equitable re-injection of
the tax revenue by the government. The vector q of sectoral fuel consumption was
derived from energy statistics (Schechtman, Szklo, and Sala 1999; Tolmasquim
and Szklo 2000). Once again, the “bottom of the slope” (round 0) represents the
initial injection {qi × (BCIg)i}i=1, . . . ,10. This bottom line in Figure 3 shows that rich
households can afford to spend a slightly larger part of their income on mobility
and transport-intensive commodities than poor households, and hence require more
transport fuels. This disparity is exacerbated during consecutive spending rounds,
since, as shown in Figure 2, the initial equitable income is redistributed in favour of
the rich. After 10 rounds, the richest 2.7% of the population have used 27% of total
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transport fuels required for the entire cumulative consumption, leaving 8% to the
poorest 54%. The Gini coefficient of this fuel distribution is 0.562, which is higher
than that of the monetary distribution of this scenario (0.436; see Figure 1). The
total amount of transport fuels embodied in the commodities consumed during the
first 10 spending rounds is about 2,700 terajoules (TJ). Since poor households tend
to spend a smaller part of their income on mobility, this total would be smaller if the
income redistribution was more equitable.

A quite different picture results from examining electricity use (see Figure 4).
Poor households have to spend a larger part of their income on electricity than rich
households, in order to satisfy their basic needs (see bottom line). However, only
one VBC cycle is sufficient to raise the per capita use of electricity by the rich
above that by the poor. After 10 rounds, each rich person has used three times more
electricity than each poor person. Because of the relatively high propensity of the
poor to consume electricity, this distribution is not as unequal as the one shown in
Figure 3 for transport fuels. Its Gini coefficient is 0.075, and the richest 2.7% (poor-
est 54%) of the population are responsible for 17% (50%) of the total electricity

Fig. 3. Change of Per Capita Cumulative Transport Fuel Use over Spending-
Production-Earning (VBC) Cycles Including the Informal Economy, Resulting
from an Initial, Perfectly Equitable Exogenous Injection of R$1/Capita by
the Government

Note: MJ = megajoules.
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used during the first 10 spending rounds (2,900 TJ). Since poor households tend to
spend a larger part of their income on electricity, this total would be larger if the
income redistribution was more equitable.

V. CONCLUSIONS

In this work, we have generalised Miyazawa and Masegi’s original idea of
interrelational income multiplier measures with regard to three aspects. First, we
have demonstrated the effect of system closure on the inter-income-group matrix.
Second, we have formalised the inclusion of inter-household transactions, or the
informal economy, into Miyazawa’s calculus. Third, we have extended the
interrelational multiplier to include environmental factors.

 Using an environmentally extended SAM constructed for the Brazilian economy
as of 1995, we have shown that income is heavily skewed towards a small fraction
of the population, who own the means of production, and hence benefit from opera-
tional surplus. Furthermore, governmental transfer payments targeted at relieving

Fig. 4. Change of Per Capita Cumulative Electricity Use over Spending-
Production-Earning (VBC) Cycles Including the Informal Economy, Resulting
from an Initial, Perfectly Equitable Exogenous Injection of R$1/Capita by the
Government

Note: MJ = megajoules.
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poor households are ultimately received by high-income households after only a
few spending and earning rounds, so that higher-order redistributive cycles appear
to undercut efforts to narrow income disparities.

We therefore agree with Cavalcanti (2001), who states that the concentration
income tendency benefiting income groups whose earnings come from capital in-
troduces a vicious cycle in a way that the considerable degree of control on the
means of production by capital owners will enhance their capacity to protect their
gains and contribute to the deterioration of the distribution pattern. In fact, it ap-
pears that during the past twenty years not much has changed in these respects,
since Willumsen (1990) remarks that already in 1975, capitalists and middle class
always benefit more than any other class, no matter the type of technology. Since
capital income constitutes a large proportion of income, this circumstance reflects
the continuing unequal ownership of the means of production.

Redistributive cycles also cause disparities in terms of energy use, with rich house-
holds always requiring more per capita than poor households. However, the effect
of income distribution on total energy consumption—and hence also on a range of
emissions—depends critically on consumer preferences, as demonstrated in the
comparison between transport fuels and electricity: if environmental factor intensi-
ties increase with income, then the present redistributive cycles increase environ-
mental pressure, and vice versa. As shown in previous studies, the total energy and
energy-related CO2 intensity of household consumption increase with income in
Brazilian capital cities (Cohen, Lenzen, and Schaeffer 2004), but decrease with
income in rural areas (Lenzen and Schaeffer 2004), because poor rural households
consume substantial amounts of firewood and charcoal. The effect of income redis-
tribution on the environment depends therefore not only on the environmental fac-
tor, but also on location. Therefore, a complex interaction exists between processes
that generate income and those that stress resources and the environment. Policies
aimed at alleviating either income disparities or environmental pressure have to
take into account the trade-offs that are inherent in these interactions, in order to
arrive at outcomes that achieve one goal without jeopardizing the other.
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